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1
, $N$
$x^{2}\equiv y^{2}(\mathrm{m}\circ \mathrm{d}N)$ , $x\not\equiv\pm y(\mathrm{m}\mathrm{o}\mathrm{d} N)$
$x,$ $y$ ,
$(x-y)(x+y)\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} N)$ , $x\pm y\not\equiv \mathrm{O}(\mathrm{m}\mathrm{o}\mathrm{d} N)$
$\mathrm{g}\mathrm{c}\mathrm{d}(x-y, N)$ $N$ . ,
$x,$ $y$ , $x,$ $y$
.
2
, $\mathrm{P}$ , $f$
$B=\{p_{i}|p_{i}\leq f,p_{i}\in \mathrm{P}, 1\leq i\leq k\}$
. (Factor Base) .
,
$a= \prod_{p_{i}\in B}p_{i}^{e_{i}}$
. $a$ $f$-smooth .
$a_{i}= \prod_{j=1}^{k}p_{i}^{\mathrm{e}_{ij}}.,$ , $a_{i}\equiv b_{i}^{2}(\mathrm{m}\mathrm{o}\mathrm{d} N)$ (2.1)
$a_{i},$




$a_{i}= \prod_{ij}\prod_{=1}^{k}$ $p \text{ }=\prod_{j=1}^{k}p_{j}^{\Sigma.e_{i,j}}i$








$x= \prod_{j=1}^{k}p_{j}^{(\Sigma_{i}e_{\mathrm{i},\dot{g}})/2}$ , $y= \prod_{\mathrm{i}=1}^{m}b_{\mathrm{i}}(\mathrm{m}\mathrm{o}\mathrm{d} N)$
$\mathrm{g}\mathrm{c}\mathrm{d}(x-y, N)$ . .









. $x\in \mathbb{Z}$ , $M$ ( $N$ ) $[-M+\lfloor\sqrt{N}\rfloor,$ $M+$
$\llcorner \mathrm{I}\sqrt{N}\rfloor]$ . $|Q(x)|\approx 2M\sqrt{N}$ .
,
(3.1)$B= \{p_{i}|(\frac{N}{p_{i}})=1$ , $p_{i}\in \mathrm{P},$ $i=1,2,$ $\ldots,r-1\}\cup\{-1\}$
. . $r$ .
$-1\in B$ , $p_{r}=-1$ . $Q(x)\equiv x^{2}(\mathrm{m}\mathrm{o}\mathrm{d} N)$ (2.1) $\mathrm{i}$ ,






, . , $\in B$
$Q(x)\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})\Leftrightarrow x^{2}\equiv N(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})$





). $Q(x)$ $x$ $p_{r}$ 1 .
$p_{i}$ $x\in[-M+\lfloor\sqrt{N}\rfloor,$ $M+\vee|\sqrt{N}\rfloor]$ $Q(x)$ $B$-smooth $x$
.
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$B$-smooth $Q(x)$ , .
1. $x\in[-M+\lfloor\sqrt{N}\rfloor,$ $M+\lfloor\sqrt{N}\rfloor]$ 0 ( $2\mathrm{M}$ 0
) fflg \breve ‘ . , $x\in[-M+\lfloor\sqrt{N}\rfloor,$ $M+\lfloor\sqrt{N}\rfloor]$ $\log_{e}Q(x)$
.
2. $p_{i}\in B$ log .
3. $x^{2}\equiv N(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})$ $x_{1},$ $x_{2}$ $[-M+\lfloor\sqrt{N}\rfloor,$ $-fVI+\lfloor\sqrt{N}\rfloor+$ ] $\ovalbox{\tt\small REJECT}\tilde{\mathrm{E}}\text{ }$ ,
$x_{1},$ $x_{2}$ 10g , $p_{i}$ $\log p_{i}$ .
$p_{i}$
$(p_{i}^{k}\leq 2M)$ , $p_{\dot{\tau}}^{k}$ log . $Q(x)$
$x$ $p_{r}$ 1 .
4.
($x\in[-M+\lfloor\sqrt{N}\rfloor_{r}M+\lfloor\sqrt{N}\rfloor]$ \ell ) $>(10_{\supset e}^{\sigma},Q(x)$ $\mathrm{K}\triangleright$ 4 )






























$X$ $=$ 87 $\cdot 133\cdot 135\cdot 151$
$Y$ $=$ $2^{10}\cdot 7\cdot 11\cdot 23$
,











$\equiv$ $(2ax+b)^{2}(\mathrm{m}\mathrm{o}\mathrm{d} N)$ .
$d$ $\Leftrightarrow \mathrm{c}\sigma \mathrm{d}(2d, N)=1$ , $N$ $2d$ $y$ ,
$F(x)\equiv(y(2ax+b))^{2}\equiv H^{2}(\mathrm{m}\mathrm{o}\mathrm{d} N)$ (4.1)
, $H=b_{i}$ $F(x)$ $B$-smooth
.




. $x$ $\mathrm{i}-M,$ $M$] $a\approx\sqrt{N}/\sqrt{2}lVI$ $|F(x)|\approx M\sqrt{N}/2\sqrt{2}$
. $x$ $2M$ $|Q(x)|\approx 2M\sqrt{N}$
$F(x)$ .
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, . $N$ $b^{2}-4ac=N$
$b$ $b^{2}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ . $N\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ .
$N\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $N$ $kN\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $k$ . $k$ multiplier
. $N\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $k=1$ . $a$ ,
$b^{2}\equiv kN(\mathrm{m}\mathrm{o}\mathrm{d} a)$ $b$ .
$M$ $\ovalbox{\tt\small REJECT}_{\tilde{\mathrm{E}}}\ovalbox{\tt\small REJECT}$ , $a\approx\sqrt{kN}/\sqrt{2}M$ $d$ $\sqrt{\sqrt{kN}/\sqrt{2}\mathit{1}VI}$




$h_{1}$ $\equiv$ $h_{0}\cdot kN(\mathrm{m}\mathrm{o}\mathrm{d} d)$
. ,
$h_{1}^{2}$ $\equiv$ $kN\cdot kN\cdot h_{0}^{2}$ (rnod $d$)
$\equiv$
$kN\cdot(kN)^{(d-1)/2}(\mathrm{m}\mathrm{o}\mathrm{d} d)$
$\equiv$ $kN(\mathrm{m}\mathrm{o}\mathrm{d} d)$ .
$h_{0}h_{1}\equiv h_{0}^{2}\cdot kN\equiv(kN)^{(d-1)/2}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} d)$ $d$ $h_{1}$ $h_{0}$ .
,
$h_{2}$ $\equiv$ $(2h_{1})^{-1}(kN-h_{1^{2}})/d(\mathrm{m}\mathrm{o}\mathrm{d} d)$,






$\equiv$ $kN(\mathrm{m}\mathrm{o}\mathrm{d} a)$ .
$b$ $a$ $b-a$ $b$ $b^{2}\equiv kN(\mathrm{m}\mathrm{o}\mathrm{d} a)$
. $c$ $c=(b^{2}-kN)/4a$ .
.
1. $k$ . $k$ $kN\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $( \frac{kN}{p_{i}})=1,$ $p_{\iota}i\in B$ $p_{i}$
. $( \frac{kN}{2})=1$ $kN\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 8)$ $k$ .
2. 42 , .
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(a) $\sqrt{\sqrt{kN}/\sqrt{2}l\sqrt I}$ $1_{J^{\backslash \not\equiv},\neq_{\backslash }}^{\cdot}\cdot \text{ }$ $d\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 41,,$ $( \frac{kN}{d})=1$ $d$ $a=d^{2}$ .
(b) $h_{0}\equiv(kN)^{(d-3)/4}$ (mod $d$), $h_{1}\equiv h_{0}\cdot kN(\mathrm{m}\mathrm{o}\mathrm{d} d),$ $h_{2}\equiv(2h_{1})^{-1}(kN-h_{1}^{2})/d(\mathrm{m}\mathrm{o}\mathrm{d} d)$
$b\equiv h_{1}+h_{2}d(\mathrm{m}\mathrm{o}\mathrm{d} a)$ .
3. $p_{i}\in B$ $F(x)\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p_{i})$ $x$ , B-sm ooth $F(x)$ .
4. $B$-smooth (ii),(iii) , $F(x)$
.
5. (4.1) $s^{2}\equiv t^{2}(\mathrm{m}\mathrm{o}\mathrm{d} N)$ $s,$ $t$ $\mathrm{g}\mathrm{c}\mathrm{d}(s-t, N)$ .
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4 . NZMATH factor
mpqs , NZMATH Python
7 Python .








. , $N$ ( $M$












The number is 3541905253352059459794529 MPQS starting
25 - disits Number
Multiplier is 601
Sieve range is [ -5000 5000 1 Factorbase size $=181$ ${\rm Max}$ Factorbase 2393
$*/$ Total 23 times changing poly report $/*$
Time of deciding coefficient $=0.192363500595\mathrm{s}\mathrm{e}\mathrm{c}$
Sieving Time $=$ 4.71326851845 $\sec$
Found smooth numbers are 186 /161
Total time of getting enough smooth numbers $=$ 4.90708303452 $\sec$
Time of Gaussian Elimination $=$ 0.751587867737 $\sec$
Found 18 liner dependent relations
Total time $=$ 5.971752882 $\sec$
Factored completely !
$[(830613846617\mathrm{L}, 1) , (4264202031937\mathrm{L}, 1)]$
1000, 150 .
$>>>$ nzmath.factor .mPqs (3541905283352059459794529 , 1000 , 150)
The number is 3541905253352059459794529 MPQS starting
25 - disits Number
Multiplier is 601
Sieve range is [ -1000 iOOO ] Factorbase size $=151$ ${\rm Max}$ Factorbase 1931
$*/$ Total 71 times changing Poly report $/*$
Time of deciding coefficient $=0.479235649109\sec$
Sieving Time $=$ 2.9754652977 $\sec$
Found smooth numbers are 151 / 151
Total time of getting enough smooth numbers $=$ 3.45796322823 $\sec$
Time of Gaussian Elimination $=$ 0.459499120712 $\sec$
Found 10 liner dependent relations
Total time $=4.05427694321\sec$
Factored completely !
$[(830613846817\mathrm{L}, 1), (4264202031937\mathrm{L}, 1)]$
50 $1_{J^{\mathrm{a}}}$ .
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